Abstract: This paper investigates the irregular shape packing problem. The proposed algorithm constructively creates layouts from an ordered list of items and a placement heuristic. A moveable item is exclusively placed on a collision free region vertex. The container has a fixed width, while its length can change so that all items are placed on it. The objective is to find a layout of the set of items that minimizes the length of the container. The proposed algorithm has two hierarchical levels: core level with a simulated annealing algorithm, and the external level controlling the container length. The simulated annealing algorithm controls the ordered list of items and the placement of the items. If a feasible layout is found, the external level decreases the container length and applies the simulated annealing again. Otherwise, the container length is increased and the simulated annealing is applied again. Computational comparisons on benchmark problems show that the proposed algorithm generated highly competitive solutions. Moreover, our algorithm updated some best known results.
INTRODUCTION
Cutting and packing are classic problems of finding the most efficient layout for a set of input items out of a given container with the objective of minimizing the waste material. The applications of cutting and packing, e.g. clothing, shipbuilding, and furniture industry are numerous. Wäscher et al. (2007) have developed a typology that classifies the nesting problems according to dimension, objective, assortment of item type, as well as the number and nature of the container where the items are to be allocated. In this paper, we consider the irregular shape packing problem, classified as a two-dimensional irregular open dimension problem (ODP).
The problem is NP-complete (Fowler et al., 1981) and as a result solution methodologies predominantly utilize heuristics. Although there are many different solution approaches presented in the literature, there appears to be two key strategies for representing and searching the solution space. The first approach represents the solution as an ordered list of items and applies a placement rule to construct the solution (Babu and Babu, 2001; Gomes and Oliveira, 2002; Burke et al., 2007 Burke et al., , 2006 . The second approach represents the solution as a physical layout on the container and moves items within the layout (Bennell 1 e-mail: andre.kubagawa@gmail.com. This author was partially supported by CNPq. 2 e-mail: thiago@usp.br. This author was partially supported by FAPESP (grant 2009/14699-0) . 3 e-mail: mtsuzuki@usp.br. This author was partially supported by CNPq (grant 304258/2007-5) and FAPESP (grant 2009/07173-2) . and Dowsland, 1999; Gomes and Oliveira, 2006; Egeblad et al., 2007) . The former strategy is dependent on two critical characteristics of the algorithm; the placement rule and the placement order of the items.
When irregular shaped items are involved an extra dimension of complexity is generated by the geometry. The no-fit polygon is the principal approach for handling the geometry in cutting and packing problems with irregular shaped items (Burke et al., 2007; Bennell and Song, 2008; Costa et al., 2009 ). The no-fit polygon is used to ensure feasible layouts; i.e. layouts where the items do not overlap and fit inside the container.
In this paper, the solution is represented as an ordered list of items and a constructive heuristic is applied sequentially. A simulated annealing algorithm controls how the items are ordered in the list and where the items are constructively placed. The proposed algorithm has two hierarchical levels. The inner level solves the placement problem where the container has fixed dimensions. The external level reduces or increases the container dimension that must be minimized. Experiments show that the proposed method is very efficient compared with other published methods.
PREVIOUS WORKS
The no-fit polygon alone has limited utility in cutting and packing problems. Some recent works are using the collision free region to determine feasible layouts in containers with fixed dimensions. Martins and Tsuzuki (2006) proposed a constructive heuristic where the collision free region represents feasible placements for a moveable item considering the already placed items and the container. The cost function is the non occupied area inside the container with fixed dimensions. As the non occupied area can change only by adding or removing areas of items, the cost function can assume only a finite set of values, becoming discontinuous (see Fig. 1 ). A simulated annealing algorithm with adaptive neighborhood Tsuzuki, 2008, 2009a) controls the sequence of items and the placement on the collision free region boundary. The collision free region was calculated using regularized Boolean operations implemented with limited precision (Hobby, 1999) . Martins and Tsuzuki (2007) combined the simulated annealing with deterministic heuristics (larger first and bottom left). They showed that it is possible to create problem instances where deterministic heuristics cannot reach the layout associated with the global optimum. Sato et al. (2010) implemented a robust algorithm to determine the collision free region with two dimension non manifold Boolean operations. They created a problem instance where the the global optimum can not be reached by placing the moveable item exclusively on collision free region vertices. Such situation rarely occurs considering studied and practical problems. They showed several results where the area of the container was exactly equal to the total area of the items. The layout associated with global optimum was reached in averagely 15 times fewer iterations when compared to previously published results Tsuzuki, 2009b, 2010) where the area of the container was larger than the total area of the items. The correct calculation of the collision free region showed to be an effective tool to obtain such results.
NO-FIT POLYGONS AND COLLISION FREE REGION
No-fit polygons represent set of translations of an item and are mathematically represented by a set of vectors. For a better understanding of the properties of the no-fit polygons, the set of translations of an item is represented by polygons in the plane. Every item has a reference point that can be internal or external to it. The no-fit polygon represents a set of forbidden translations, as shown in Fig. 2 . For an item P , let i(P ) be its interior, ∂P be its boundary and c(P ) be its complement. Definition 3.1. The no-fit polygon induced by item P i to item P j , denoted by Υ(P i , P j ), is the set of translation vectors applied to P j that leads it to a collision with P i . Thus,
The no-fit polygon can be obtained by the Minkowski sum algorithm (Agarwal et al., 2002) , that can be calculated very efficiently for convex polygons. The result of a Minkowski sum of two convex polygons is a convex polygon built from the original polygon edges ordered counterclockwise. Non convex polygons can be decomposed into convex polygons on a preprocessing step, as the transformations applied (rotations and translations) do not affect such a decomposition. Definition 3.2. The Minkowski sum of two polygons P i and P j , noted P i ⊕ P j , is defined as the set of points
where O is the origin. Definition 3.3. The opposed polygon for a given polygon P j , denoted by −P j , is defined as the set of points −P j = {O − w | O + w ∈ P j }.
From the above definitions, one can see that
meaning that the no-fit polygon is produced by the Minkowski sum of the fixed item with the opposed item to be placed.
The Inner Fit Polygon
The inner fit polygon is another important concept frequently used, which is derived from the no-fit polygon and represents a set of translations for the placement of items inside a container C. The inner fit polygon can be computed by sliding an item along the internal contour of the container (Dowsland et al., 2002 ) (see Fig. 3 ). Definition 3.4. The inner fit polygon induced by container C to item P j , denoted by Λ(C, P j ), is the set of translation vectors applied to P j that leads it to be inside the container. Thus,
= {v | ∀ a ∈ i(P i ), a + v ∈ C} Preprints of the 18th IFAC World Congress Milano (Italy) August 28 -September 2, 2011 Fig. 3 . The inner fit polygon for given item and container. Fig. 4 . The collision free region is filled with a hatch pattern. The item to be placed is not filled and the already placed items are filled with a solid pattern.
The Collision Free Region
Considering a container C and a set of items P = {P 1 , · · · , P n } already placed, as shown in Fig. 4 , a new item P m , m > n, will be placed in the interior of the container without collision with the already placed items. The feasible set of translations for item P m is given by the collision free region (see Fig. 4 ). Definition 3.5. The collision free region is the set of all translations, that, when applied to a specific item, place the specific item in the interior of a container without colliding with the already placed items.
When the container is empty, the collision free region represents all translations that place the item in the interior of the container. This specific collision free region is the already defined inner fit polygon (Dowsland et al., 2002) . For a given item, the calculation of the inner fit polygon is the first step in the determination of the collision free region.
The collision free region for a specific item is determined by removing the no-fit polygons generated by the already placed items, from the inner fit polygon.
By analyzing expression (4), it is possible to define at least two possible algorithms to compute de collision free region. The first algorithm removes every no-fit polygon from the inner fit polygon and uses uniquely the difference operator. The second algorithm calculates the unions of all no-fit polygons and then subtracts it from the inner fit polygon. In this work, the algorithm that uses uniquely the difference operator was implemented.
x ← <Initial random solution> T ← <Initial temperature> while <Not finished> do while <Global stop condition not satisfied> do T ← CoolingSchedule(i) while <Local stop condition not satisfied> do val ← random(0, 1) if val < 0.5 then x * ←<Modify placement sequence> else <Select the moveable item> x * ←<Select a vertex from CFR to place it> end if 
PROPOSED METHOD
The proposed algorithm has two hierarchical levels. The inner level is the algorithm used by Sato et al. (2010) to solve placement problems where the container has fixed dimensions. The external level controls the simulated annealing algorithm by defining the initial temperature, the initial solution and the value of the variable length dimension. When the simulated annealing finds a feasible layout where all items are used, the inner level is abandoned, the external level decreases the value of the variable length dimension and the simulated annealing is executed again.
If the simulated annealing converges to a layout where only a subset of the items is used, the external level increases the value of the variable length dimension, increases the initial temperature and the simulated annealing is executed again. The proposed algorithm is shown in Fig. 5 . item can be placed without colliding with the already placed items. The external vertices represent perfect fits for the moveable item, and it represents a local maximum compaction.
The placement heuristic chooses where to place the moveable item according to the following priority order: external vertices, external edges and closed polygon vertices. If the collision free region has external vertices, the placement heuristic randomly selects one of these vertices. If the collision free region does not have external vertices and has external edges, the placement heuristic randomly selects one of the edge vertices. Finally, otherwise, the placement heuristic randomly chooses one of the closed polygon vertices. The collision free region is determined by a robust algorithm implemented with 64 bits finite precision.
RESULTS AND DISCUSSION
In this work, we evaluated the algorithm using 14 benchmark problems gathered from the literature. These data sets can be found on the EURO Special Interest Group on Cutting and Packing (ESICUP) website 4 . These sets are irregular strip packing problems with the objective of minimizing the length of the container with a fixed width. The objective was to find the minimum length for the container such that all items fit inside the container and they do not overlap. All tests were executed on i7 2.8GHz processor with 4 GB RAM. Table 1 shows the studied data sets with their total number of polygons, average number of vertices per polygon and the admissible orientations. Table 2 shows the minimum length obtained for the studied problems and the density of the layouts. Table 2 Fig. 9 . The best solution obtained by the proposed algorithm with the swim data set.
compaction and separation algorithms were implemented by linear programming. Bennell and Song (2008) used an improved version of the TOPOS algorithm proposed by Oliveira et al. (2000) . The TOPOS algorithm searches for closed regions exclusively defined by the placed items, and these closed regions are considered as containers with fixed dimensions. Egeblad et al. (2007) and Imamichi et al. (2009) proposed algorithms that considered containers with fixed dimensions and used a separation algorithm to search for layouts without overlap. If a layout is found, the value of the variable container dimension is decreased, otherwise it is increased. The separation algorithm used in both approaches are different. We can classify the approaches in two groups: with two levels, where the core level used containers with fixed dimensions; with one level, where the optimal layout and length is simultaneously searched. The algorithms that manipulate containers with fixed dimensions, showed 93% of the published best results.
The studied data sets can be classified in puzzles, with no wasted area (dighe1 and dighe2), and conventional problems (all the others). The puzzles are data sets where the layout associated with the global optimum is known beforehand. The approach proposed here was the first based on container with fixed dimensions manipulation that solved puzzles.
CONCLUSION AND FUTURE WORKS
We proposed a two level algorithm, where the core level is a simulated annealing that searches for feasible layouts to be packed in a container with fixed dimensions. The moveable item is placed on collision free region vertices and the collision free region is determined by a robust algorithm.
Our experiments show that the proposed method is an effective search mechanism for the irregular shape packing problem and produces competitive results. A similar method has been used to solve rotational irregular problems with fixed dimensions container.
The proposed algorithm has two parameters: the ratio by which the container is shortened, and the ratio by which the container is increased. The tests were conducted using constant ratios. However, we think that it is possible to control the ratios through an algorithm. This was left as future work.
